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Introduction 

Initial studies on genomic prediction focused on additive effects and breeding values 

(Meuwissen et al., 2001; Habier et al., 2007; VanRaden, 2008). Early examples of genomic 

prediction with dominance effects were motivated by the exploitation of specific combining 

ability in mating and the prediction of total genotypic value (Toro and Varona, 2010; Wellman 

and Bennewitz, 2012; Su et al., 2012). Vitezica et al. (2013) clarified the genotypic vs. 

breeding value parameterizations of the dominance model. Directional dominance to model 

inbreeding depression has been introduced for the genotypic (Xiang et al., 2016) and breeding 

value (Endelman, 2023) parameterizations. The latter has the limitation of assuming Hardy-

Weinberg Equilibrium (HWE), which could be relaxed using the NOIA parameterization 

(Álvarez-Castro and Carlborg, 2007; Vitezica et al., 2017). Instead, the present study develops 

an additive value parameterization in terms of inbreeding coefficients. 

 

Materials & Methods 

Theory. Eq. 1 expresses the genotypic value of an individual in terms of the allele dosages (𝑋𝑘 

for locus k) for m bi-allelic loci, with population frequencies pk. 
 

𝑔 = 𝜇 + ∑ 𝑊A,𝑘𝛼𝑘
𝑚
𝑘=1 + ∑ 𝑊D,𝑘𝛽𝑘

𝑚
𝑘=1 + 𝜀       

𝑊A = 𝑋 − 2𝑝          (1) 

 𝑊D = −𝑋2 + 𝑋 [4𝑝𝑞 +
𝑝2(3+𝑓)+𝑞2(1+3𝑓)

1+𝑓
] −

2𝑝(1−𝑓)(𝑝+𝑞𝑓)

1+𝑓
    

The 𝛼𝑘 parameters are additive (i.e., allele) substitution effects. The 𝛽𝑘  parameters are 

dominance substitution effects, which are linear contrasts of the dominance effects: the 

heterozygote effect minus the mean of the homozygote effects (Endelman, 2023). Numerically, 

𝛽 equals d from the genotypic parameterization (i.e., the deviation of the heterozygous 

genotype from the midpoint of the homozygous genotypes). Eq. 1 assumes that deviations from 

HWE can be described by a single parameter, the inbreeding coefficient f (Wright, 1949). 

When f = 0, Table 1 reduces to the well-known result for the breeding value parameterization. 

 

Table 1. Description of the additive value parameterization for a single locus.  

Allele 

dosage  

Frequency Additive value Dominance value 

0 𝑞2 + 𝑝𝑞𝑓 2𝛼0 = −2𝑝𝛼  𝛽00 = −2𝑝2𝛽 (
1−𝑓

1+𝑓
) (1 +

𝑞

𝑝
𝑓)  

1 2𝑝𝑞 − 2𝑝𝑞𝑓 𝛼0 + 𝛼1 = (1 − 2𝑝)𝛼  𝛽01 = 2𝑝𝑞𝛽
(1+

𝑞
𝑝

𝑓)(1+
𝑝
𝑞

𝑓)

1+𝑓
  

2 𝑝2 + 𝑝𝑞𝑓 2𝛼1 = (2 − 2𝑝)𝛼  𝛽11 = −2𝑞2𝛽 (
1−𝑓

1+𝑓
) (1 +

𝑝

𝑞
𝑓)  
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An "instrumental" model (de los Campos et al., 2015) is used for genomic prediction by BLUP, 

in which the additive and dominance substitution effects are random normal variables: 

𝛼𝑘~𝑁(0, 𝜎𝛼
2) and 𝛽𝑘~𝑁(𝜇𝛽, 𝜎𝛽

2). Inbreeding depression (I) is the decrease in the population 

mean as the inbreeding coefficient changes from 0 to f (Falconer and Mackay, 1996). For the 

multi-locus model (Eq. 1), inbreeding depression follows 𝐼 = ∑ 2𝑝𝑘𝑞𝑘𝑓𝑘𝛽𝑘𝑘 . For the 

instrumental model, the expected value is  

 𝐸[𝐼] = 𝜇𝛽 ∑ 2𝑝𝑘𝑞𝑘𝑓𝑘𝑘 = 𝜇𝛽𝑓̅ ∑ 2𝑝𝑘𝑞𝑘𝑘       (2) 

𝑓̅ = ∑ 𝑝𝑘𝑞𝑘𝑓𝑘/𝑘 ∑ 𝑝𝑘𝑞𝑘𝑘           

Eq. 2 introduces 𝑓̅, a weighted average of the inbreeding coefficients across loci. The 

instrumental model can be converted from independent marker effects to multivariate normal 

additive 𝒈A  and dominance 𝒈D values: 

𝒈 = 𝜇𝟏 + 𝒈A + 𝒈D + 𝛆          

 𝒈A~𝑁(𝟎, 𝐆A𝜎A
2)    𝐆A =

𝐖A𝐖A
′

∑ 2𝑝𝑘𝑞𝑘𝑘
    (3) 

𝒈D~𝑁 (
𝑏𝐖D𝟏

∑ 2𝑝𝑘𝑞𝑘𝑘
, 𝐆D𝜎D

2)    𝐆D =
𝐖D𝐖D

′

∑ 4𝑝𝑘
2𝑞𝑘

2(
1−𝑓𝑘
1+𝑓𝑘

)(1+𝑓𝑘
𝑝𝑘
𝑞𝑘

)𝑘 (1+𝑓𝑘
𝑞𝑘
𝑝𝑘

)
 

In Eq. 3, lowercase boldface denotes a column vector, and uppercase boldface denotes a matrix. 

𝐖A is the n x m matrix of centered allele dosages for n genotypes and m bi-allelic markers. 𝐖D 

is the n x m matrix of dominance regressors (Eq. 1). The genomic relationship matrices are 

scaled such that the mean of the diagonal elements matches the corresponding pedigree 

relationship matrix. For additive values, diag(𝐀)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 1 + 𝑓̅. For dominance values, using 

standard notation for the Jacquard identity coefficients, diag(𝐃)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = diag(𝚫1 + 𝚫7)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 1 

(Fernández et al., 2017; Graffelman et al., 2024). The mean of the dominance values is written 

as the product of covariate (𝐖D𝟏/ ∑ 2𝑝𝑘𝑞𝑘𝑘 ) and its regression coefficient b. From Eq. 2 and 

3, 𝐸[𝐼] = 𝑏𝑓,̅ so b represents inbreeding depression for a fully inbred population.  

 

Computing f. Inbreeding coefficients were estimated for each marker by weighted least-

squares regression. Let y denote the column 3-vector of genotype frequency deviations from 

HWE, and 𝐲̂ is the predicted deviation based on f (Table 1): 

𝐲 = [𝑝00 − 𝑞2, 𝑝01 − 2𝑝𝑞, 𝑝11 − 𝑝2]′      (4) 

𝐲̂ = [𝑝𝑞, −2𝑝𝑞, 𝑝𝑞]′ 𝑓 = 𝐱𝑓       

In Eq. 4, allele frequency p is computed from the observed frequencies according to 𝑝 = 𝑝11 +
1

2
𝑝01. Let 𝐕 = diag(𝑝00, 𝑝01, 𝑝11) be a diagonal matrix with the genotype frequencies. The 

objective is to minimize the weighted sum of squared residuals, which is a quadratic 

polynomial for f, subject to linear inequalities: 

min
𝑓

(𝐲 − 𝐲̂)′𝐕(𝐲 − 𝐲̂) = 𝐲′𝐕𝐲 − 2𝐱′𝐕𝐲 𝑓 + 𝐱′𝐕𝐱𝑓2     (5) 

 −1 ≤ 𝑓 ≤ 1 

From the first-order condition for optimality, the minimizer is 𝑓 =
𝐱′𝐕𝐲

𝐱′𝐕𝐱
. If this value lies 

outside the admissible interval, then the closest boundary (-1 or 1) is the constrained minimizer.  

 

Data analysis. The pig dataset of Cleveland et al. (2012) contained 3534 animals from a single 

PIC nucleus line, with 52,843 markers from the Illumina PorcineSNP60 array and 3 

anonymous traits (T3,T4,T5) with adjusted phenotypes. 5594 markers with RMSE > 10-3 

(Eq. 4) or non-positive dominance variance (denominator of GD formula in Eq. 3) were 
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excluded for trait analysis. The diploid potato dataset of 780 clones was developed at UW-

Madison, with 8588 SNP markers and two tuber traits: total yield and specific gravity. The 

potato population consisted of three cohorts (N=372, 297, 207) evaluated in separate years 

(2020, 2021, 2023), so a fixed effect for year was included in the linear model. Mixed model 

analysis was conducted in R, using ASReml-R v4.2 to estimate variance parameters. For 

numerical conditioning, 10-6 was added to the diagonal elements of G and D. Genomic variance 

for a multivariate normal effect with mean 𝝁 and variance-covariance matrix 𝐆𝜎2 was 

calculated as [diag(𝐆)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ − G⋅⋅
̅̅ ̅]𝜎2 + [𝜇⋅

2̅̅ ̅ − (𝜇.̅ )2] (Legarra, 2016; Endelman, 2023). The 

proportion of variance explained (PVE) by additive effects was VA/(VA + VD + Vε), and 

similarly for dominance. AIC was calculated by the method of Verbyla (2019), to enable 

comparisons between models with different fixed effect parameters fitted by REML. 

 

Results  
Figure 1 compares the distribution of genomic inbreeding coefficients for the pig and potato 

datasets. Across 52,843 SNPs for the pigs (Fig. 1A), f ranged from -1.00 to 0.32, with a 

weighted average of 0.034. Across 8,588 SNPs for the potatoes, the range was -0.91 to 0.96, 

with weighted average -0.11. Remarkably, the RMSE between the observed and fitted 

genotype frequencies was less than 10-9 for all markers in the potato dataset. For the pigs, 

99.2% of the markers had RMSE less than 0.01. The distribution of individual inbreeding 

coefficients was bimodal for the pigs and unimodal for the potatoes (Fig. 1B). By construction, 

the mean f across individuals equals the weighted mean across markers (Endelman and 

Jannink, 2012). 

 
Figure 1. Genomic inbreeding coefficients for (A) markers and (B) individuals. 

 

For both potato traits and pig trait5, the AIC decreased by over 10 points when dominance was 

included in the model, and further improvement was observed with directional dominance for 

potato yield and pig trait5 (Table 2). For these two traits, the estimated inbreeding depression 

for a fully inbred population (parameter b) was 3–4 times the additive standard deviation. The 

additive proportion of variance explained (PVE), or genomic heritability, ranged from 0.22 for 

pig trait3 to 0.58 for potato yield. The dominance PVE was 14% for both potato traits vs. less 

than 6% for the pig traits. 

 



 4 

Table 2. Penalized goodness-of-fit for the dominance (D) and directional dominance (DD) 

models relative to the additive (G) model, and parameter estimates for the DD model. 

 Potato 

Yield 

Potato 

SpGr 

Pig 

Trait3 

Pig 

Trait4 

Pig 

Trait5 

AICD – AICG -47.6 -16.8 -0.3 1.7 -10.1 

AICDD – AICG  -58.5 -18.4 1.4 1.8 -44.4 

Additive PVE 0.58 0.54 0.22 0.35 0.38 

Dominance PVE  0.14 0.14 0.05 0.00 0.02 

𝑏/√𝑉𝐴 3.01 1.7 0.5 -0.9 3.81 
1 Significantly different than zero at = 

 

Discussion 

The directional dominance model in this paper extends the work of Endelman (2023), who 

assumed Hard-Weinberg Equilibrium (HWE). Under this assumption, the covariate used to 

estimate inbreeding depression, 
−𝐖D𝟏

∑ 2𝑝𝑘𝑞𝑘𝑘
, is the vector of genomic inbreeding coefficients. But 

the HWE model only produces a correct partitioning into additive and dominance values when 

the population mean 𝑓̅ = 0. In the present work, the partitioning is valid outside HWE, and the 

population mean of the covariate is always zero, consistent with the requirement that 

dominance values have zero mean.  

 

Conclusions 

A model was developed for the genomic prediction of additive and dominance values in which 

inbreeding depression is directly estimated as a fixed effect. Significant inbreeding depression 

was detected for potato yield and an anonymous pig trait, in the range 3–4 times the additive 

(genomic) standard deviation. 
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