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Introduction 

Accurate estimation of variance components is essential for reliable estimation of breeding 

values. In large-scale livestock genetic evaluations, the variance components of the random 

effects are typically estimated in advance and assumed to be known in the breeding value 

prediction step. Many approaches exist for variance components estimation (VCE), but 

restricted maximum likelihood (REML) is the most widely used in livestock production. Its 

popularity has been supported by software packages such as ASReml (Gilmour et al., 1995), 

BLUPF90 (Misztal et al., 2014), DMU (Madsen and Jensen, 2024), LMT (Boerner, 2022), and 

WOMBAT (Meyer, 2007). Unlike these programs, MiX99 (Pitkänen et al., 2022) uses Monte 

Carlo (MC) approximation to enable VCE for large data sets. 

The rapid increase of genomic data has revolutionized genetic evaluations. The single-step 

genomic BLUP (ssGBLUP) approach allows simultaneous use of pedigree and genomic 

information, and accounts for selection based on both information sources (Legarra et al., 

2009; Christensen and Lund, 2009; Aguilar et al., 2010). Misztal et al. (2020) recommended 

incorporating genomic information in VCE to reduce bias arising from genomic selection. 

However, a major computational challenge in the single-step approach is that genomic 

information produces dense matrix blocks into the mixed model equations (MME). REML 

algorithms such as expectation maximization REML (EM-REML) require elements of the 

inverse of the MME coefficient matrix which is computationally demanding in single-step 

models. 

Several equivalent single-step models have been introduced to address the computational 

challenges in breeding value estimation, each having different computational requirements 

depending on the number of genotyped individuals and markers. In this study, we consider 

three commonly used approaches. The traditional single-step approach, denoted ssGBLUP, 

uses a precomputed inverse of the genomic relationship matrix (VanRaden, 2008). The fully 

component-wise ssGTABLUP uses the Woodbury formula to decompose the inverse genomic 

relationship matrix, requiring less memory and computations than ssGBLUP when the number 

individuals is more than twice the number of markers (Vandenplas et al., 2020). The 

ssSNPBLUP (Liu et al., 2014) model augments the MME by genomic information and 

eliminates the need for precomputational work due to genomic data, making it suitable for very 

large genomic evaluations (Vandenplas et al., 2023). 

Direct computation of the MME inverse is computationally challenging for single-step models 

(Bermann et al., 2025). An alternative is to use MC-based methods (Matilainen et al., 2012, 

2013; Bermann et al., 2025). In general, MC-based approaches require less memory and 

provide more flexibility for large and complex models than using direct inversion. In this study, 

we applied MC EM-REML (Matilainen et al., 2012) to estimate variance components in 

MiX99 using different single-step models (ssGBLUP, ssGTABLUP, ssSNPBLUP) and 

assessed their computational scalability under different numbers of genotyped individuals. The 

dense matrix EM-REML implementation in the DMU software (Madsen and Jensen, 2024) 

was used to verify the accuracy of VC estimates by our MC EM-REML implementation. 
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Materials & Methods 

Models. In all single-step models, genomic information was blended with pedigree-based 

relationships. In standard ssGBLUP, the genomic relationship matrix was 𝐆 = (1 − 𝑤)𝐙𝐁𝐙′ +
𝑤𝐀22 where Z is the centered marker matrix of size n × m, B is a scaling matrix of size m × m, 

𝐀22 is the pedigree-based relationship matrix of the n genotyped animals, and w is the residual 

polygenic proportion (w=0.10). The centered marker matrix was Z = M – 2P with P = 𝟏𝐩′ and 

p is the vector of base population allele frequencies. Allele frequencies were estimated with 

the Bpop software (Strandén and Mäntysaari, 2020) using all genomic data. The scaling matrix 

was defined as B-1=kI, where 𝑘 = ∑ 2𝑝𝑙(1 − 𝑝𝑙)
𝑚
𝑙=1  and m is the number of markers (m=9,000). 

Three single-step models were used: 

1) ssGBLUP (Legarra et al., 2009; Christensen and Lund, 2009): G-1 was precomputed 

in double precision and stored in memory during computations. 

2) Fully component-wise single-step GTABLUP (Vandenplas et al., 2023): 𝐆−1 =
1

𝑤
𝐀22

−1 −
1

𝑤
𝐀22

−1𝐙𝐊−1𝐙′ 1

𝑤
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1

𝑤
𝐙′𝐀22

−1𝐙 +
1

1−𝑤
𝐁−1 was precomputed and 

stored in memory during computations. Furthermore, the M matrix was stored in 

packed format in memory. The Z matrix was computed on-the-fly using the allele 

frequencies stored in the p vector. 

3) ssSNPBLUP (Liu et al., 2014): required no precomputations and used the M matrix 

stored in packed format in memory as in 2). 

Computations. The MC EM-REML algorithm implemented in the MiX99 software (Pitkänen 

et al., 2022) allows the single-step models used in this study, but also more complex linear 

mixed models such as multi-trait random regression single-step models. Simulation of breeding 

values followed the approach described in Bermann et al. (2025) for ssGBLUP with few 

modifications required by the ssGTABLUP and ssSNPBLUP models. 

In MC EM-REML, MC samples are used to approximate PEV required in EM-REML as 

presented in Matilainen et al. (2012) based on the method proposed by García-Cortés et al. 

(1995). In each EM-REML iteration, 5 independent samples of breeding values and residuals 

were generated and used to make simulated phenotypes. Breeding values for these simulated 

phenotypes and the original observed data were estimated using the iterative preconditioned 

conjugate gradient (PCG) algorithm. Thus, in each MC EM-REML round, MME were solved 

6 times with the current estimates of variance components. 

Convergence of the MC EM-REML was assessed using the round-to-round change in VC 

predictions based on the linear regression on previous estimates (Matilainen et al., 2012). 

Convergence was achieved when this value was less than 10-10. After convergence, an 

additional 30 iterations were made to stabilize MC sampling in the variance estimates.  

Accurate estimation of the standard errors for the variance components in MC EM-REML 

requires more than 5 samples. Therefore, in the last EM-REML iteration, the number of MC 

samples was increased from 5 to 100. 

 

Data. AlphaSimR (Gaynor et al., 2021) was used to simulate data having a trait with genetic 

variance of 𝜎𝑢
2 = 50 and residual variance of 𝜎𝑒

2 = 50 in the base population. All individuals 

in the simulated data had one observation. The breeding scheme was simple: 2,000 females 

and 200 males were selected in every generation according to their phenotype. Mating was 

random and each selected female produced one offspring. In total, there were 20 generations 

after the base population, giving 44,280 individuals. For the REML computations, either 

10,000, 20,000 or 30,000 of the youngest individuals had genotypes. Each genotyped 
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individual had 9,000 markers. The analyses used the same complete pedigree of 44,280 

individuals, all of which had one phenotype. 

 

Results & Discussion 

All single-step approaches arrived to about the same variance component estimates (Table 1). 

The estimates from the models differed from the simulated base population variances for 

several reasons, such as this being a single simulation replicate involving phenotypic selection 

from a small base population and using single-step models combining pedigree and genomic 

relationship with a large proportion of genotyped individuals. These VC estimates were 

confirmed using the EM-REML implementation in DMU (Table 1). 

There were small differences in the MC-estimated standard errors by single-step model (Table 

1). In general, however, these estimates followed those arrived by EM-REML in DMU. 

Increasing the number of MC samples used for computing standard errors can improve their 

accuracy in the analysis of this data. 

The number of EM-REML iterations until convergence differed by approach without any 

systematic patterns suggesting that these differences were due to MC sampling noise in the 

convergence criterion (Table 1). Increasing the number of MC samples per iteration may 

reduce this sampling with the cost of longer computing time. However, the reduced MC noise 

may slightly decrease the number of EM-REML iterations. 

Computing time was shortest for ssGBLUP and longest for ssSNPBLUP in all cases (Table 1). 

However, this can be expected as the number of genotyped individuals was small. As the 

number of genotyped individuals increased, computing time increased proportionally more for 

ssGBLUP than for ssGTABLUP or ssSNPBLUP. This can be expected as the computational 

demand in breeding value estimation increases quadratically with number of genotyped 

individuals in ssGBLUP but linearly in ssGTABLUP and ssSNPBLUP (e.g., Vandenplas et 

al., 2023). 

 

Table 1. Estimated variance components (±standard error), number of EM-REML iterations 

(N), EM-REML computing time (Time EM-REML, h), total computing time including 

preprocessing (Time Total, h), and peak RAM memory need (Peak RAM, GB) by model. 

Data1 Model2 
𝜎𝑢

2̂ 𝜎𝑒
2̂ N Time 

EM-REML 

Time 

Total 

Peak 

RAM 

10 G 34.3±1.03 52.7±0.58 296 1:12 1:14 2.4 

 T 34.6±0.92 52.6±0.53 284 4:00 4:01 2.3 

 S 34.3±0.93 52.6±0.54 285 8:41 8:41 1.6 

 DMU 34.3±0.96 52.7±0.59 289 51:58 52:36 27.0 

20 G 34.7±0.89 53.3±0.58 255 3:11 3:13 7.1 

 T 34.8±0.86 53.3±0.55 300 6:34 6:35 3.0 

 S 34.8±0.84 53.3±0.51 288 17:58 17:58 2.3 

 DMU 34.6±0.93 53.3±0.53 277 47:54 48:57 27.0 

30 G 37.4±0.95 53.2±0.41 198 4:31 4:38 15.5 

 T 37.2±0.94 53.2±0.49 304 9:09 9:11 3.6 

 S 37.3±0.88 53.2±0.45 290 40:24 40:24 3.0 

 DMU 37.0±0.99 53.2±0.47 282 49:58 51:15 27.0 
1 10= 10,000 genotyped, 20= 20,000 genotyped, 30= 30,000 genotyped. 
2  G= ssGBLUP, T= ssGTABLUP, S= ssSNPBLUP using MiX99, DMU= ssGBLUP EM-REML by DMU. 
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Conclusions 

The MC EM-REML approach can be used to estimate variance components for the single-step 

models using MiX99 software. All single-step models presented arrived at similar VC 

estimates. As expected, the approaches had different computational requirements. The standard 

ssGBLUP model was always fastest with the used small data but showed the steepest increase 

in computing time as the number of genotyped increased. The ssGBLUP approach always had 

the highest peak RAM memory need, which increased fastest by the number of genotyped due 

to the need to store the inverse of the genomic relationship matrix. In contrast, the ssGTABLUP 

and ssSNPBLUP had similar increase in computing time with the increase in the number of 

genotyped individuals. Their peak RAM increased only moderately in comparison to 

ssGBLUP because computations in these methods rely on the marker matrix, which increases 

linearly by the number of genotyped individuals and can be stored efficiently. Hence, when the 

number of genotyped individuals is even larger, ssGTABLUP becomes computationally more 

efficient than ssGBLUP. For a very large number of genotyped individuals, ssSNPBLUP may 

be computationally even more efficient than either ssGBLUP or ssGTABLUP.  
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