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Introduction

Genomic prediction models, such as multiple-trait genomic best linear unbiased prediction
(MT-GBLUP), are widely used in both animal and plant breeding. These models include
genotypic data usually via a genomic relationship matrix that describes genetic relatedness in
the population. The accuracy of the genomically estimated breeding values (GEBVs) is
assessed using prediction error variances (PEVs) and reliabilities. PEV is defined as
Var(u — @), where u is the true breeding value and i its prediction. Reliability, the squared
correlation between u and # can be calculated using PEV and the genetic variance of the true
breeding value.

Exact calculation of PEVs and reliabilities requires inversion of the coefficient matrix in the
mixed model equations (MMEs), which is computationally challenging for large number of
genotypes and traits. In order to avoid this, Monte Carlo (MC) sampling-based methods have
been developed. Garcia-Gortés et al. (1995) presented a resampling approach for
approximating PEVs, and Hickey et al. (2009) compared ten MC-based formulas using a
single-trait animal model. These methods have not been widely studied in a plant breeding
context, particularly in genomic prediction with multiple random genetic effect groups and
hybrids.

The objective of our study was to apply and demonstrate MC methods for approximating PEVs
and reliabilities of an MT-GBLUP model with multiple random effect groups. Our approach is
based on Garcia-Gortés ef al. (1995) and Hickey et al. (2009). We evaluated the approximation
under several MC sample sizes, compared differences across the methods, and contrasted the
computing time of the MC approximation method relative to the exact method.

Materials & Methods
Genomic prediction model. An MT-GBLUP model with three random effect groups can be
presented as:

y = Xb + Wyu; + Wyu, + Wsu; + e, (1)
where y = [y7, ...,yZ]"is an N X 1 vector of phenotypes across k traits, with N denoting the
total number of observations across all traits, X is the N X f design matrix for fixed effects,
where fis the total number of fixed effect levels across all traits, b = [b], ...,bT]Tisan f x 1
vector of unknown fixed effects, where b, corresponds to trait ¢ (t = 1, ..., k). For each random
effect group h = 1,2,3, Wy, is an N X (kny) block-diagonal incidence matrix, where n,, is the

number of individuals in group h, and u;, = [u,Tl‘l, s uﬁ, k]T is the vector of random effects.

The random effects are assumed to follow a multivariate normal (MVN) distribution: u; ~
MVN(O, Gon ® Gh), where G, is an ny, X n; genomic relationship matrix for random effect
group A, constructed using VanRaden (2008), and Gg, is a k X k genetic covariance matrix

across traits for group h. The residual vector e = [ef, ...,e,TC]T is assumed to follow e ~
MVN(O,R), where R is an N X N covariance matrix. Residuals and random effects are
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assumed to be uncorrelated. We assume that the variance components, including genetic and
residual (co)variances, are known. Therefore, the matrices Gg , and R are known.

This model is applicable for hybrid breeding situations, where u;and u, refer to the general
combining abilities (GCAs) of two parent pools, and u; refers to the specific combining ability
(SCA) of the crosses between the pools.

MMEs for estimating fixed and random effects of Eq.1 are:
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Prediction error variance and reliability. In the context of MMEs, PEV= Var(u — i)
typically require computing the diagonal elements of the inverse of the MME coefficient

matrix. Reliability (r2), the squared correlation between u and 1l, is calculated as:

1 - PBVine 3)
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where PEV; ;, ; is the individual i-, group /- and trait ¢-specific PEV, {Gy};; is the ith diagonal

element in the corresponding genomic relationship matrix, and o7, , is genetic variance for trait

¢ in group h.
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Monte Carlo sampling. MC sampling for approximating PEVs and reliabilities consists of
three steps: 1) sampling random effects, phenotypes and residuals, ii) predicting random effects,
and 1ii1) approximating PEVs and reliabilities using formulas involving the simulated true and
predicted random effects (Garcia-Gortés et al. 1995; Hickey et al. 2009).
In the first step, we sample the random effects and residuals from their assumed distributions:
i, ~ MVN(0, Gy, ® Gj,) and & ~ MVN(0, R). Because the expected value of fixed effects
does not affect the distribution of random effects (Garcia-Gortés et al. 1995), the phenotypes
are generated as:

y =W, u; + W,u, + W33 + €. 4)
In the second step, we use phenotypes of Eq.4 and solve the random effects i, using MME
Eq.2. This step can be done with a fast iterative solver, such as preconditioned conjugate
gradient (PCQG) algorithm (Tsuruta ef al. 2001). PCG is an iterative method that efficiently
solves large systems of linear equations without explicitly inverting the coefficient matrix.
We repeat the first and second step for ny,. times (number of MC samples) and obtain n,
samples for ©;, and U,. In the last step, we approximate PEVs using formulas presented in
Table 1, and reliabilities by using the approximate PEVs in Eq. 3.

Study design. We compared the exact PEVs and reliabilities to their approximated values.
Exact values were obtained from the diagonal elements of the inverse of the MME coefficient
matrix. Approximate values were calculated using the MC sampling procedure described
above. For clarity, we present the results on a reliability scale.

We simulated datasets mimicking hybrid breeding using AlphaSimR (Gaynor ef al. 2021) and
used a four-trait MT-GBLUP model with three random effect groups. To evaluate the
applicability of the four MC methods in Table 1, we computed correlation, root mean squared
error (RMSE), and maximum absolute difference between the exact and approximated values
(MAX). In addition, we compared the computing times of the exact and approximation
methods.



Table 1. PEV approximation formulas and their asymptotic sampling variances.
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Formulas and asymptotic sampling variances are based on Garcia-Cortés et al. (1995) and Hickey et al. (2009).

Results & Discussion

Fig.1 illustrates how the four MC methods approximate the exact reliabilities. Visually PEV1
appears to approximate better lower reliabilities, while PEV?2 is better for higher reliabilities.
Both PEV3 and NF2 seem to approximate well reliabilities in the whole interval. Table 2 shows
the corresponding statistics. Correlations between the exact and approximated reliabilities are
over 0.99, and RMSEs have a maximum of 0.042. The highest MAX is 0.216.

5 Method: PEV1 5 Method: PEV2 Table 2. Statistics of four MC methods

3 - 3 approximating the exact reliability.
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Figure 1. Approximated and exact reliabilities using four MC methods. Red line illustrates the
straight y=x. Number of MC samples: 500.

Table 3 presents the computing times for MC sampling. Computing time increases
approximately linearly with the MC sample size and with the dataset size. Table 4 presents the
relative computing times of the exact inversion of the MME coefficient matrix and the PCG
algorithm for obtaining predicted random effects once. The results indicate that the time
complexity of the exact method increases cubically with the dimension of the coefficient
matrix, whereas PCG scales quadratically. PCG has to be applied as many times as the number
of MC samples, but these can be done in parallel to mitigate the computational burden.



The largest dataset size was 160,000. If we could access 50 computer nodes, the computing
time of the MC approximation method would be over four times faster than the exact method.

Table 3. Computing times in minutes for Table 4. Relative computing times for
MC sampling of different dataset and MC exact and PCG method, using the exact
sample sizes. method for the dataset size of 20,000 (0.37

minutes) as reference.

Number of MC samples

Datasetsize 500 1,000 2,000 Dataset size  Exact PCG
20,000 0.18  0.38 0.77 20,000 1.00  0.08
40,000 048  0.95 1.90 40,000 7.30 027
80,000 118 222 430 80,000 5549  1.05
160,000 228  4.07 7.68 160,000  466.76  5.19

Conclusions

We evaluated four MC sampling-based methods for approximating PEVs and reliabilities using
an MT-GBLUP model with three random effect groups. All four methods converged to the
exact values, when the number of MC samples increased. Different convergence rates were
mainly explained by the different sampling variances of the methods. Even though the MC
approach avoids direct inversion of the MME coefficient matrix, the computational burden
remains large, because multiple MC samples are required to achieve satisfactory convergence
to the true values. Efficient PCG implementation and parallel computing can be used to
mitigate the computational burden of the approximation methods.
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