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Introduction 
This paper introduces APEX, a linear model analysis software that has been developed and 

deployed since September 2021 to meet the demands and use the opportunities of a hardware and 

software environment which has seen a dramatic changed over the past two decades. Hardware 

resources are now abundant, fast third-party libraries underpin powerful scripting languages, 

modern language features are available for easier maintenance and extension, and external 

computing devices enable unprecedented speed. Linear model analysis software as the cornerstone 

of any genetic evaluation must be capable of seamlessly operating within such environment. 

Further, for commercial deployment it must be versatile, highly performant, easy to master and 

absolutely fail prove. With these goals in mind, APEX has been developed since September 2021 

and is in commercial deployment since May 2022. 

 

APEX design 
APEX is programmed entirely in C++, the standard language for high-performance computing 

(HyperionResearch 2023), which allows for top performance but also makes use of highly 

optimized third-party libraries and heterogenous computing devices. Template meta-programming 

techniques and object-orientated programming guarantee extremely fast executing code while 

maintaining flexibility to accommodate almost instantly for new developments in modeling and 

algorithms. As a direct result, APEX comes as a single-executable program which operates 

seamlessly in a heterogenous computing environment where it off-loads demanding computation 

to accelerators like graphical processing units (GPU) and field-programmable gate arrays (FGPA). 

APEX can be deployed in executable or library form, allowing for easy integration into script 

languages like R and Python. It uses a parameter file in YAML format to communicate all 

necessary aspects of the task and linear models. YAML is not only standardized, making it possible 

to use public packages in R or Python for reading, manipulation and writing, it also allows to 

convey information in a highly structured and logical manner, which is key for ease-of-use. 

 

APEX Modelling capacity 
Supported variance and variable sturctures. The most general variance structure supported by 

APEX is ΩL(I ⊗ Γ)𝛀𝐋′where  𝛀𝐋is a block-diagonal matrix of lower Cholesky factors of within 

factor level co-variance matrices (e.g. an animal-specific genetic co-variance matrix), Γ is a matrix 

of between factor level co-variances (e.g. the numerator relationship matrix), and I is an identity 

matrix of respective dimension. Note that under common assumptions this structure simplifies to 

𝚪⊗ 𝚺 where Γ is usually set to identity (I), the pedigree derived numerator relationship 

matrices (A), or a single step relationship matrix (H), and Σ is a co-variance matrix between 

correlated factors across or within trait. For Γ, APEX supports I, diagonal D, auto-regressive 

matrices of order 1 and order 2, externally supplied matrices in sparse or dense format, A, and H 
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matrices for ssGBLUP (HG) (Christensen and Lund 2010), ssGTBLUP (HT) (Mäntysaari et al. 

2017), ssGBLUP using APY (Hapy) (Masuda et al. 2016), and ssSNPBLUP (HS) (Liu et al. 2014). 

For ssSNPBLUP APEX supports co-variances between and within markers following structure  

𝛀𝐋(𝐈 ⊗ 𝚪)𝛀𝐋′, where the supported Γ types are those pointed out above (Meuwissen and Boerner 

2025). By providing a pedigree containing phantom parents for the construction of A, for Γ of type 

A, HG, HT, Hapy, and HS APEX will automatically absorb the genetic group regression matrix into 

the respective Γ (Westell et al. 1988). Further, if provided with a metafounder co-variance matrix 

APEX will automatically build a metafounder enhanced numerator relationship matrix (Amf) for 

all Γ which involve A (Legarra et al. 2024). APEX supports continuous and categorical response 

variables (Gilmour et al. 1998, Sorensen et al. 1995). For explanatory variables, APEX supports 

structures: classification variable, real co-variables (e.g. weight), integer co-variables (e.g. days on 

feed), co-variables nested within classification variables (e.g. random-regression models), genetic 

group co-variables, co-variables nested within classification variables nested within genetic group 

co-variables (e.g. random-regression genetic groups as an extra factor in the model), and arbitrary 

real number design matrices. For co-variables APEX understands complex polynomials (e.g. 

sqrt(9/2)*1/8*(35x^4-30x^2+3)) and will automatically conduct all necessary expansion to fit a 

random co-variable to its assigned variance structure. 

 

Supported operations. APEX supports solving linear mixed models for obtaining BLUP and 

BLUE solutions of the modeled factor levels by either directly solving the model or via the 

preconditioned conjugated gradient method (PCG). APEX also supports the calculation of exact 

and approximated prediction error co-variances (Liu et al. 2017). For estimating variance 

components, APEX provides AI-REML algorithms which either use the mixed-model coefficient 

matrix(Johnson and Thompson 1995) or the phenotypic co-variance matrix(Harville 1977), an 

EM-REML algorithm, and two different Gibbs samplers: a blocked multi-chain sampler which 

samples all correlated factors within factor level from their joint conditional posterior distribution, 

and a single pass sampler which samples all factor levels jointly from their posterior distribution. 

For importing external breeding values, APEX supports the de-regression of breeding values 

(Boerner et al. 2023). 

 

Model communication 
The linear models to be analysed are communicated to APEX by literally “writing the model”. 

That is, APEX’s multi-variate model syntax (APEX-mms) is very closely related to the 

mathematical linear model notation found in scientific notation. For putting the maximum amount 

of information into the equation the concept of specifiers has been developed which extends the 

model y=Xb+Zu to y()=X()b()+Z()u(), where y, X and  Z are column names retrieved from the 

data file header,  b and u are arbitrary user-defined factor names, and the parenthesis are optional 

specifiers which may contain further information about the response variable, model variable, or 

factor. Variable specifiers contain all information necessary to build a variable. Therefore, a bi-

variate random-regression test day model using three different polynomials (e.g. Legendre degree 

1, 2 and 3) can be written in APEX-mms as 
milk=herdyearseaon*hysmilk+dim(t(co(p(1,2,3))))*animal*umilk(v(g(1,3,5))) 
prot=herdyearseaon*hysprot+dim(t(co(p(1,2,3))))*animal*uprot(v(g(2,4,6))) 

where “milk”, “prot”, “herdyearseason”, “dim” and “animal” are column names in the data file, 

the specifier “dim(t(co(p(1,2,3))))” provides Legendre expansion of the co-variable, and the 



3 

 

specifier in “umilk(v(g(1,3,5)))” assigns the Σ diagonal elements 1, 3, and 5 of variance structure 

with the user-defined name “g” to factor “umilk”. 

 

Performance 
The APEX AI-REML facilities have been used to estimate variance components in a beef cattle 

multi-trait model with 15 traits, 17 genetic effects, and 14 million equations resulting in a mixed-

model coefficient matrix factor with over 25 billion non-zeros. The model required about 1.2TB 

of RAM, and single AI-REML iteration took 3.5 hours on a computer with an Intel(R) Xeon(R) 

Gold 6248R CPU @ 3.00GHz and 48 cores. APEX is regularly used for solving a ssSNPBLUP 

genetic evaluation model in beef cattle which encompasses 17 traits, 22 genetic effects, genetic 

groups, various fixed effects, repeated observations, approximately 500,000 genotypes at 55,000 

SNP per genotype, and about 800,000 pedigree animals. APEX automatically sets the equation 

system to full-rank and converges after 14,000 iterations at a threshold of 10-9 for the square root 

of the relative change in solutions. The model is solved within 12 hours on a computer with an 

Intel(R) Xeon(R) w7-2495X CPU and 24 cores, and requires about 14GB of RAM. 

 

Conclusion 
APEX combines all necessary quantitative genetics algorithms with an outstanding performance 

level, both required to perform seamlessly within genetic evaluation system of any dimension. 

APEX’s availability exemplifies that sophisticated linear model software can be developed by a 

private initiative. 
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