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Chapter 5

Functional Models and Experimental
Designs for Characterizing Response

Curves and Surfaces

HE yield of a particular crop is a function of many possible factors,
I as has been pointed out in Chapters 1 and 2. The climate, variety,
management practices, and soil factors are, in fact, broad catego-
ries which in themselves contain a number of subfactors, each of which
may be modifying or limiting. This chapter is concerned primarily with
the functional relationship between yield and a portion of the soil factor,
that relating to the nutrient status of the soil.

Background

Even a superficial examination of the numbers and types of factors
affecting crop yield will reveal that any function completely describing
the relationship would be extremely complex. It is small wonder that
widely different hypotheses have been developed and supported, since
one may find almost any pattern of response, varying from strong posi-
tive linear relations to strong negative linear relations. From a statis-
tical standpoint, the failure of hypotheses, purporting to have general
application, to agree arises from failure of the experimenters to ade-
quately sample the population to which inferences are made.

Russell (25) gives an excellent review of the historical development
of the concepts of plant nutrition, and of the attempts to obtain rational
explanations of various phenomena. Liebig, with his first publication in
1840 and subsequent papers and books on the subject, together with his
heavy ridicule of the efforts of his predecessors and contemporaries,
contributed much, particularly in the way of stimulating controversy
and subsequent research. His law of the minimum, which he stated as
“by the deficiency or absence of one necessary constituent, all the others
being present, the soil is rendered barren for all those crops to the life
of which that one constituent is indispensable,” is perhaps his best re-
membered contribution.

The field experiment approach to the problems of plant nutrition and
response initiated by Boussingault (about 1834) and Lawes and Gilbert
in 1843 furnished positive evidence of the response of crops to natural
and artificial manures. However, Russell reports that the controversy
regarding the use of “chemical manures” went on for many years before
their general acceptance was indicated. Even today a remnant of this
controversy is evidenced by the “organic gardening” school of thought.
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Mitscherlich’s contributions, beginning in the first decade of this
century, marked the first major attempt to formulate a general func-
tional model. His experiments were made with plants grown in sand
cultures supplied with “excess” of all nutrients excepting the one under
investigation. His expression is commonly known by the descriptive
term, “law of diminishing returns,” and has the mathematical properties
outlined in Chapter 1. Mitscherlich’s work, like Liebig’s, produced con-
troversy and has both ardent supporters and critics. His function, to-
gether with modifications and contributions by other workers, will be
given more quantitative expression in the following section. Spillman
(26) later, but independently, developed the same function (in the alge-
braic form of equation 2 in Chapter 1) and extended the methodology to
computation of economically optimum rates of fertilization. Spillman,
as did Mitscherlich, suggested optimum experimental designs for ob-
taining data necessary for the estimation of the parameters of the model.

Anderson has adequately outlined, in Chapter 3, the procedural de-
velopments from the standpoint of the statistical approach of developing
empirical polynomial functions to characterize the response. The de-
velopment of the factorial experiment and appropriate methods of statis-
tical analysis led to the definition and characterization of interaction
between factors (also called complementarity, or joint effects). This,
in turn, has led to the geometrical concept of a response surface as the
realistic expression of the contribution of two or more nutrients to yield.

With the increased interest of production economists in the applica-
tion of quantitative methods in the past several years, several papers
have been concerned with the choice of a proper functional model for the
characterization of input-output relationship in plant growth. Johnson
(17), Heady (11), McPherson (18), Ibach and Mendum (16), Paschal (22),
Hutton (14), Hutton and Elderkin (15), and Heady, Pesek, and Brown (12)
have set forth, in varying degrees, bases of comparison and procedures
for evaluation.

Functional Models for Single-Variable Response Curves

Two general approaches have been used in developing mathematical
expressions for the relationship between the amounts of the various fac-
tors present, and the amounts of plant growth. They are:

1. Attempts to define a model which expresses basic laws of plant
behaviour, and fitting the experimental data to this more or less
rigid model.

2. The experimental data are studied by statistical methods and an
empirical polynomial equation of “best fit” is developed, with no
assumption or hypothesis as to the underlying causes.

The first approach is logically and intuitively more appealing. It has
its counterpart in the simple physical and chemical systems where de-
terministic models are common and useful. However, even the simplest
of biological systems is relatively complex, and together with errors of
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technique and measurement, exact relationships are to be viewed
askance. Some of the more common functional models for which some
biological justification has been claimed are first considered in the fol-
lowing paragraph.

The Mitscherlich Function

Expressing quantitatively the statement that the increase of crop
produced by unit increment of the lacking factors is proportional to the
decrement from the maximum, one has:

) o A-ye

where y is the yield obtained when x = the amount of the factor present,
A is the maximum yield obtainable if the factor were present in excess,
this being computed from the equation, and c is a constant. Upon inte-
gration, and assuming that y = O when x = O,

(2) y = A(1 - e™%).

Mitscherlich maintained that the “c” values in his expression were
constant for a given nutrient over different crops and growing conditions.
Most of the early controversy about his work centered around his hy-
pothesis concerning the “c” values. The workers subsequently men-
tioned as using the Mitscherlich-type equation have assumed that “c” is
a parameter to be estimated from the data. This function is expressed
in other algebraic forms by Spillman (26) and Stevens (27), and has been
widely used by many workers. Ibach and Mendum (16) have detailed in-
structions for computations, together with examples, using the Spillman
form. Monroe (19), Pimentel-Gomez (24), and Stevens (27) give simpli-
fied least squares procedures for estimation of parameters for solution,
when the X levels are equally spaced. Also, standard errors may be
computed for the estimated parameters.

Prior to the comparatively recent publication of the three references
mentioned above, and a paper by Hartley (10), least squares estimates
involved such heavy labor that they were seldom made. An interesting
example of the application of the Mitscherlich model is given by Crow-
ther and Yates (6), in summarizing all published results of one-year
fertilizer experiments conducted in Great Britain and the northern
European countries since 1900, in order to formulate a wartime ferti-
lizer distribution policy. Economic analyses, in terms of setting out
optimum rates for maximum profit, were made of the data.

One of the other early criticisms of Mitscherlich’s equation was that
no allowance was made for possible yield depression by harmful ex-
cesses of the factor. Mitscherlich, after extensive study of his experi-
mental data, introduced a modification of the following form to allow
for such depressions:
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3) y = Al - 107%)107k% "

with the constant “k” being called the “factor of injury.” He felt that
this would apply mainly to the response of grain crops to nitrogen. He
provided estimates of “k” for several crops.

The Logistic Function

The logistic is the commonly used function for‘fitting growth curves
in biological populations, and may be expressed in the form:

@) oy —E
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where a, b, and k are parameters to be estimated from the observed
data, and y; is the value of the growth character studied at point of time,
t. For yield response models, x, for increment of fertilizer, would be
substituted for t.

This curve has a lower asymptote of O, and an upper asymptote at k,

and the point of inflection is at y = % , a point midway between the two

asymptotes. Thus, we have the familiar S-shaped or sigmoid curve.
Such a model would be useful to characterize the initial “lag” that may
occur when the amount of the factor in the soil is very low, and small
increments are applied in the low range. In the usual situation this ini-
tial lag is not observable. Nair (21) gives an extensive discussion of the
logistic function together with methods and illustrations of fitting.

The Power Function (Cobb-Douglas)

The power function,
(5) Y =aXxP

has been employed as the model in various economic investigations. In
this equation, Y is the yield, a and b are constants, with X as the level
of the factor. The equation may be written in the linear form as

(6) LogY=LogA+b.logX.

Hutton et al. (15) discuss the general characteristics of the Cobb-Douglas
function, and suggest methods of analysis. Heady (11) and McPherson
(18) also describe the various characteristics of this function and modi-
fied forms of the power function. I b>O, as would be the case in the
yield response curve, y continues to increase as X increases.
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The Polynomial

The terms in a polynomial equation may vary from one to n-1 where
n is the number of levels of the factor X. In the single variable case,
the number of terms and the degree of the equation are normally (but
not necessarily) parallel. The first degree (or linear) equation de-
scribes a straight line, while the second degree (or quadratic) describes
a monotonic curve. The degree less one indicates the number of times
the curve may change direction. The usual forms are:

Linear : Y =8, + 8,X

Quadratic: Y = g, + 8,X + 8,,X?

Cubic P Y=8+8X+ Buxz + B X®

General : Y=g+ X+......0  X(m1),

*s(n-1)

The X may be transformed to the square root, logarithm, reciprocal,
or other form, with the same general process of fitting applied. Meth-
ods of fitting such curves are straightforward. Discussion of fitting

procedures, with examples, is given by Anderson and Bancroft (2) and
other texts.

Discussion of Application of Exponential,
Power, and Polynomial Models

The functions mentioned above are only a few of the better known of
a large number of possible functions. Within the polynomial class alone
an almost infinite number of possibilities exist. The problem, therefore,
of choosing the “best” function is not soluble from a simple set of rules.
By the use of least squares procedures the value of the constants for the
equations may be computed. These procedures give the “best” fit for
the particular form of functional model, in the sense of describing a
curve from which the mean of the squares of the deviations of the indi-
vidual points from that curve are a minimum.

It cannot be claimed that any of the functions represent fundamental
biological laws of growth, although one may rationalize the form of a
particular function in a particular situation. One procedure of choosing
the “best” function, mentioned by Heady (11) and by Hutton et al. (15),
is to examine possible applicable functions, and select the one that best
fits the data. A useful procedure, where data are being examined from
a replicated experiment (more than one observation at each increment),
is to examine the size of the “lack of fit” term, as given in the analysis
of variance. The following data, from Veits, Nelson, and Crawford (28),
serves to illustrate the procedure.

If the lack of fit term is of the same order of magnitude as the ex-
perimental error, then the function is characterizing the data adequately.
A significant lack of fit mean square indicates that the model is inade-
quate to describe the functional relationship.
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TABLE 5.1. Observed and Predicted Yields by Three Functions For Corn Yields,

1952
Nitrogen Observed Estimated Yields Estimated Yields Estimated Yields
Level Yields Polynomial Mitscherlich Cobb-Douglas
(Lbs/A) (Bu/A) Equation Equation Equation
0 125.8 124.2 126.5 124.2
40 140.2 145.6 145.7 152.3
80 166.8 160.11 156.9 158.1
120 164.3 167.6 163.3 161.6
160 168.5 167.8 167.1 164.1
200 161.8 161.6 169.2 166.2

Source: Veits, et al. (28)

Analysis of Variance:

Polynomial Mitscherlich Cobb-Douglas
Source d.f. M. S. M. S. M. S.
Treatments 5 1219.82 1219.82 1219.82
Due to regression 2% 2880.82 2673.74 2510.28
Lack of fit 3 112.48 250.53 269.63
Experimental error 21 152.6 152.6 152.6

*1 d.f. for regression for Cobb-Douglas, and 4 d.f. for deviation from regression.

Johnson (17) and Heady et al. (12) have examined the three functional
models considered in table 5.1, for fitting response curves, and con-
clude that the quadratic polynomial model generally gives the better fit.
Heady, Pesek, and Brown found that fit was improved by using a square
root transformation of the X variate, in the quadratic model.

The Mitscherlich and Cobb-Douglas functions obviously give a poor
fit when yield is depressed by the higher rates of application. This de-
pression appears to be fairly common, particularly with higher rates of
nitrogen. For example: a recent report by Hunter and Youngen (13), on
a series of experiments on corn, shows that in six of seven experiments,
where N rates were carried to 200 lbs. per acre, a yield depression re-
sulted. This type of response is compatible with biological theory, al-
though depression is more marked in cases of excesses of some of the
minor elements. ;

An alternative that might be followed would be to discard those ob-
servations which fall beyond the maximum yield, and fit the exponential
or power function, using the rationale that one obviously is not interested
in that area of the curve. This would appear to be a poor practice
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statistically, since one is discarding information and introducing a de-
gree of subjectiveness into the analysis.

One particular advantage claimed for the Mitscherlich function is
that it gives plausible results when extrapolated for high values of X.
Stevens (27) sharply warns against such extrapolations, and points out
that the standard error of the predicted value becomes large as the as-
ymptote is approached. It is necessary to have established the absolute
generality of the formula, either by sound theoretical justification, ex-
tensive observation, or both, in order to extrapolate with confidence.
Stevens points out that this is feasible in some physics models (e.g.,
Newton’s law of cooling), but difficult in biology. Also, in viewing the
general trend of economic-agronomic cooperation in experiments, it
appears that the need for extrapolation will lessen.

Two more or less ulterior advantages may be claimed for the poly-
nomial. First, it is easier to fit by least squares procedures and easier
to provide estimates of standard errors of the parameters. Second, it
is the most flexible of the three functions. This carries the added ad-
vantage of therefore being more generally applicable to a series of in-
dividual experiments conducted at a number of locations and years.

Functional Models for Characterizing Response Surfaces

- The three functions considered in table 5.1 may be generalized to
give a mathematical expression of the geometrical configuration of a
response surface when two or more factors are considered. The prin-
cipal points of contention regarding the relative suitability of the func-
tions again centers on the restrictions placed on the form of the surface.
The Cobb-Douglas and the Mitscherlich functions, as previously men-
tioned, do not have a declining phase and do not permit the reflection of
changing ratios of nutrients for the optimum treatment when the level of
yield is changed. Heady (11) illustrates this relationship diagrammati-
cally by showing that the isoclines (a line connecting all points on the
same slope of successive isoquants) are required to be linear.

Sufficient data have been accumulated from factorial experiments with
fertilizers to give some indication of the nature of the interaction (com-
plementarity) between nutrients. For example, Dumenil and Nelson (7)
report on the results of 164 factorial experiments carried out in Iowa on
corn, oats, and hay crops with N, P, and K, or two of the three nutrients
in combination. Out of these, 62 showed some type of interaction signifj-
cant. (It is likely that a greater number would have been found significant
had individual degrees of freedom associated with particular coefficients
been examined). Commonly the interaction between N and P was positive,
while negative interactions were found between N and K. The authors con-
clude: “In view of the number and size of interactions encountered, the
use of the factorial design, wherein the different fertilizer elements and
rates are used in all possible combinations, appears highly desirable.
The value of certain nonfactorial designs now in common use may lead to
erroneous conclusions whenever interaction between the fertilizer ele-
ments occurs.”
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The Mitscherlich-Baule Function for Response Surfaces

Baule, according to Russell (25), generalized Mitscherlich’s function
while retaining the fundamental assumptions. He supposes that each of
the factors influencing plant growth is in accordance with Mitscherlich’s
assumption and that the final yield is the product of the separate expres-
sions. The equation then becomes:

(7) y = A(l-e~€1¥1)(1-e~ € 2*2)(1-e~©3*3).

The equation requires, for example, that if two factors, L and M,
vary simultaneously, each should produce its own effect independent of
the other. Russell (25) illustrates this with the following reasoning and
with data adapted from Mitscherlich’s publication. I y and y' repre-
sent the yields when x, x’ are the quantities of factor L, the quantity M
remaining constant, then

y = A(l-e™ %)
y’ = A(l-é°%")

where A is the maximum yield obtainable with any quantity of factor L
at the given value of M. Now

y _(1-e7%%)

y'
(1-e"cx)

This ratio is therefore independent of the value of A; that is, it is
independent of the level at which M was taken.

TABLE 5.2. Yield of Oats in Pot Experiments with Varied Phosphate Dressings
and Varied Water

Calcium Phosphate Water 1 dose Water 2 doses Ratio
(x) ) ) Y
y
0 6.4 11.0 1.72
1 14.6 25.6 1.75
2 22.6 36.6 1.62
4 29.7 53.1 1.79
8 41.3 70.5 1.71
16 50.8 7.5 1.53
32 55.7 88.5 1.59

Adapted from Mitscherlich.
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It seems clear from this illustration that the Baule function accounts
for “interaction” in the sense that the interaction arises from the failure
of the differences between y and y’ to remain constant over the differ-
ent levels of x. Another criterion of the applicability of the Mitscher-
lich-Baule function is a test of the deviations from parallelism of the
curves when y is plotted as the logarithm of the yield increase, due to
the i-th increment, and x as the log of the dose.

The Maskell “Resistance” Formula

Balmukand (3), not satisfied with the Mitscherlich function when ap-
plied to field data, critically examined the general problem of relating
nutrient level to crop yield. He applies Maskell’s formula, which by
electrical analogy has been called the Resistance Formula. It may be
stated as: Each activity of the plant (yield, etc.) is determined by a po-
tential and a set of resistances, each of which represents one of the ex-
ternal factors. Maskell expresses the effect of nutrient supplies on
yield as

®) %: F(N) + F(P), + F"(K) + ... +C,

y being the yield, and F(N), F’(P) and F”(K) being functions of these nu-
trients supplied, and they have the form,

4 , 3% , 3%
n+N p+P k+K

)

where N, P, and K represent the amounts of these nutrients added; n, p,
and k represent the amounts of the nutrients available in the soil, and
ap, ap, and ay are constants expressing the importance of the nutrients
to the crop.

This expression, like Mitscherlich’s, assumes each factor acts in-

dependently of all the others but fixes the difference of 1.1 as con-
stant. y v

Balmukand (3) illustrates the application of the function to data from
replicated factorial experiments and gives least squares procedures for
estimating the constants, together with appropriate estimates of the
standard errors of the estimated constants. He obtains satisfactory fits
of the response surface, using the magnitude of the lack of fit mean
square as the criterion. However, the computations involved are heavy,
compared to other functions considered. This may be the primary rea-
son why this function has not been used.

The Cobb-Douglas Function
The Cobb-Douglas function may be generalized to

9) Y =ax? X§ ...X>
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where n is the number of factors considered. As mentioned previously,
it may be put into the form:

(10) logY=loga+blogX, +clogX,+ ... +nlog X, _;
for solution by least squares.

The Polynomial Function

The polynomial may take a wide variety of forms for a given number
of factors, depending on the degree (highest exponent or products of ex-
ponents in a given term), and the scale in which the X variates are ex-
pressed. Some experience has been accumulated in the past few years
on this model, both in the biological field and in industrial and engineer-
ing applications. Box (4) and Anderson (1) have reviewed the general
approach to defining response surfaces and defining optimum operating
conditions, using the general polynomial equation. Hanson, Hutton, and
Robertson (9) have examined data from a 5° x 2 factorial experiment,
with N, P, K, and lime as factors, and indicate the second degree poly-
nomial equation is generally satisfactory. Heady et al. (12), after a
detailed examination of possible functions, concluded that the general-
ized second degree polynomial with the X’s scaled by a square root
transformation was most satisfactory.

The generalized polynomial equation for two variables is

(11) y = bo + (byX; + baXo) + (bux12 + bzzx: + byox,x35) +
(blllxls + bzzzxzs + buzxxzxz + bulex:) + etc.

This corresponds to representing the function by its Taylor series. The
brackets enclose the terms containing respectively the first, second,
and third order terms. Thus, an equation containing all first order
terms only defines a plane; one containing both the first and second
order terms is a second degree equation and defines a quadratic sur-
face, and so on. The number of constants to be fitted for functions of
various numbers of factors for varying degrees is given in table 5.3,
taken from Box (4). .

TABLE 5.3. Number of Constants To Be Fitted for Equations of
Varying Degree

Number of Degree of Fitted Equation
Factors 1 2 3 4
2 3 6 10 15
3 4 10 20 35
4 5 15 35 70
5 6 21 56 126
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The equation is then fitted by the method of least squares (multiple
regression). The procedure is in essence the application of multiple
regression methods to observations in which the values for the inde-
pendent variates have been planned. By proper choice of these levels
the calculations may be simplified, particularly when the x variates
may be coded, with the origin (O) at the center of the design.

Example of a Fitted Second Degree Response Surface

An example was chosen from summary tables presented by Hunter
and Youngen (13), from a 4 x 4 factorial experiment, with nitrogen level
and spacing (number of plants per acre) as the two factors. The experi-
ment was run as a randomized block, with three replications. The
above-mentioned authors have kindly supplied the necessary additional
information about the experiment, including treatment totals and the
analysis of variance, in order to allow a complete analysis of the data.
The treatment means are given in table 5.4 below.

TABLE 5.4, Yields, Bushels per Acre, As Influenced by Variation in Plant Stand
and N Levels

Nitrogen Plant Population (No. Plants per Acre)
Lbs./A 15,400 17,000 17,900 21,500 Mean
0 106.1 96.7 94.6 98.0 98.8
50 121.9 120.4 126.4 110.8 119.8
100 128.9 129.3 134.2 130.4 130.7
150 119.4 134.5 138.4 140.2 133.1
Mean 119.0 120.2 123.4 119.8

Second degree (or quadric) equations of the following forms were
fitted:

(12) Y = Bo+ BX, + BX, 8, X, + X, + B, XX,
(13) Yy = Bo+ BX, + BX, + B X, + B X, + By X, X, .
The following equations were obtained:
(14) y = 128.19 + 5.6825 X, + .272864 X, -
1.1624 X - .08675 X5 + .345165 X,X,

(a unit of X, = 25 Ibs. N; unit of X, = 500 plants /A)
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(15) y’ = 123.34 + 19.4913 X, + 1.3692 X; -
2.68875 X, - 2.30082 X, + 5.25987 X, X,
(a unit of X; = 50 lbs. N; unit of X, = 100 plants/A).

These two equations have their origin at the mean levels of N and
spacing. An analysis of variance of the data is given in table 5.5. The
F test of the lack of fit term for both equations shows that neither are
significant at the 5 percent significance level, although the function with
the X’s in linear form indicates slightly better fit. No generalization,
however, should be made from such a single comparison, particularly
in view of other workers, Heady et al. (12) having indications to the con-
trary.

TABLE 5.5. Analysis of Variance of 4 x 4 Factorial Experiment
(N Levels x Spacing)

Source of Variation d.f. M.S. M.S. for v/ Transform

of X Variate
Replications 2 372.22 372.22
Treatments 15 683.16 683.16
Due to regression 5 1888.44 1823.97
Lack of fit 10 80.52 112.76
Experimental error 30 53.99 53.99
Total 47

Figure 5.1 is given to illustrate the general picture of the joined
yield contours as computed from equation 14. These joined contours
show the symmetry required by the function used for fitting. However,
the size of the standard errors of predicted points that are much re-
moved from the area of the experimental observations clearly shows
that such extrapolation is of little practical value. The importance of
having the experimental points in the region of interest is indicated by
considering the size of the seven standard errors of predicted yields
(Y’s) listed with the figure.

Figure 5.2 shows the portion of the yield contours (also computed
from equation 14) within the area of experimental observations, together
with the observed mean yields for the 16 treatment combinations. Fig-
ure 5.3 shows similar contours but computed from the “square-root”
equation 15.

This example, incidentally, illustrates the importance of the consid-
eration of subsidiary factors in fertilizer experiments. The data and
figures 5.1 and 5.2 show that the response to nitrogen is appreciably
modified by the choice of plant population.
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Fig, 5.2 —Yield contours, 4 x 4 factorial experiment
with corn. (Data are in bushels per acre.)
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Fig. 5.4 — “Value” contours, after adjustment for cost of fertilizer and
stand. Assumed constants: Corn = $1.40 per bushel; nitrogen = 18 cents
per pound; stand = $1.00 per 1000 plants per acre.

Equation:

Y = 143.229 + 21.5042X, - 0.6609X, - 6.5014X; - 0.4834X; + 1.9245X,X

where Y = predicted value (dollars per acre) above cost of fertilizer and
stand.

lbs. N
T

X. = stand thousands per acre
2 1000

Bo in the equation is the expected yield at N=O, and stand = 15,400

The maximum point is:
, = 110 pounds nitrogen
» = 19,100 plants

$154.67, corresponding to a yield of 135.13 bushels per acre.

oM
"

In figures 5.1 and 5.2 it may be seen that the predicted maximum
yield was estimated to occur with a stand of 22,520 plants per acre and
nitrogen application of 170 pounds N per acre. K no cost were attached
to the N application and increased stand (an dbviously rare situation),
this point would be in the center of the region of maximum interest.
However, consideration of the price of the N applied and the cost of in-
creased stand would normally be expected to shift this region. Figure
5.4 shows the “value” contours, after accounting for the cost of N as 18
cents per pound and the cost of an additional 100 plants per acre as $1.00.
The value of the corn was computed as $1.40 per bushel. (No overhead
costs were considered; if constant overhead charges were assumed, the
contour surface would not be changed, but the value attached to each
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contour would be decreased a constant amount). The “maximum return”
of 165.67 is now estimated to occur at 19,100 plants per acre, with 110
pounds N. This corresponds to a yield of 135.1 bushels per acre. This
point occurs well within the region of the experimental observations, a
situation which is desirable.

Figure 5.4 and the accompanying computations are for illustrative
purposes only. Heady et al. (12) and Chapters 1, 6, and 10 outline direct
methods for estimating the economic optima, given a function, and input
and output costs.

TABLE 5.6. Rates and Coded Values Used in Potato Fertility Experiment

Rates of Fertilizer Element for Coded Value
Nutrient
-2 -1 0 +1 +2
N 0 50 100 150 200
PO, 0 60 120 180 240
K0 0 50 100 150 200

Table 5.7. Treatments, and Treatment Means for Three Replications, Potato

Fertility
mem | X X X eV
z"s per 2-row, 25-ft. Plot)
1 -2 +1 +1 31.9
-2 -1 +1 +1 41.5
3 0 +1 +1 54.2
4 +1 +1 +1 57.1
5 +2 +1 +1 51.9
6 +1 -2 +1 56.2
7 +1 -1 +1 56.0
8 +1 0 +1 49.8
o + +2 +1 61.6
10 +1 +1 -2 45.6
11 +1 +1 -1 50.5
12 +1 +1 0 55.4
13 +1 +1 +2 53.2
14 -1 -1 -1 42.6
15 +1 -1 -1 52.3
16 -1 +1 -1 39.3
17 -1 -1 +1 31.4

X = 48.6
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Example of a Response Surface for
Three Factors Estimated from a Multifactor Design

The following data are from a multifactor NPK fertility experiment

conducted in Watauga County, North Carolina, in 1954, by M. E. Harward.
Table 5.6 gives the rates of N, P;Os, and K;0 used, together with their
coded values given in the preceding table and following figure. The
basic arrangement of the treatment combinations is that of having five
levels of each of the nutrients, at a constant rate of the remaining two,
with additional points added to form a 23 factorial design. Had the con-
stant rate been in the center of the design (e.g., P,Os = 0, K;O = O, for
the rates of N) then it would come in the category of the central com-
posite designs described by Box (4). With this point on one of the cor-
ners of the cube, Box describes this as a “noncentral” composite.
Table 5.7 lists the treatment means (in terms of pounds of U. S. No. 1’s
per 2-row, 25-foot plot), together with the coded treatment combinations
given in table 5.6. Table 5.8 gives the prediction equation together with
the standard errors of the coefficients and the analysis of variance.

TABLE 5.8. Regression Coefficents and Their Standard
Errors, and the Analysis of Variance for
Second Degree Surface for Data in Table 5.7

Regression Coefficient

Designation ¥ Standard Error
b, 4859  +  2.103
b, 6.690 +  .943
b, 1.25¢  + 943
b, -2710  + 943
by, -2.628  + 832
by, 1.832 + 832
bes -1.231  + 832
b, -1.640  + .858
Dy 186+ 858
b,y 1.850 + .858

Analysis of Variance:

Source of Variation d.f. M.S.

Replications 2 8.14
Treatments 16 232.88
Linear 3 882.08
Quadratic 6 145.52
Lack of fit 7 29.53
Experimental error 32 32.86
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Figure 5.5 shows the geometrical configuration of the design. Fig-
ure 5.6 illustrates the yield contours for X,(N) and X;(P;0s), with
X,(K,0) fixed at the +1 (150 1b.) level. Thus, these contours apply to
the front of the cube, and the extended points of N and P, Os, and the
yields plotted on figure 5.6 may be located with respect to their position
in figure 5.5.

Figure 5.6 illustrates the contours of a surface which is obtained
when b,, and b,, are of opposite signs, and is termed a “saddlepoint”

X
J“"‘l
X3
X| NITROGEN
X, PHOSPHORUS
X3 POTASH
61.6 45
39.3 50.5/
o
55.4
31.9 41,5 54,2 57. | 51.9
53.2
49.8
42,60 52.3
3.4 56.0
56.2

Fig. 5.5 — Design configuration and treatment means for multifactor
potato yield experiment (yields are pounds, U.S. No. 1’s, per 2 row,
25-foot plot).
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. X61.6
(240) 60
“ 55
(180) 7.1 Xs51.9
50
0
(120) 49.8
-1 X
(60) 56.0
55—
" )(
(0) -2 -1 0 +1 +2

(100) (150)
POUNDS N PER ACRE

(0) (50) (200)

x - Observed Yield

Fig. 5.6 — Yield contours for U. S. No. 1 potatoes,
pounds per plot, for variations in X, (N) and X, (P,05),
with X, (K,0) held at +1 (50 pounds per acre).

X, (nitrogen)

(sometimes referred to as a “col” or “minimax”). Such a surface would
appear to be difficult to interpret agronomically. One would certainly
like some substantiation of this type of pattern before extending its ap-

plication too far.

A more complete sampling by observation points in

the critical region is perhaps in order.
An illustration of the use of the logarithmic scale for the X variates

is given in figure

5.7. These data are from one of a series of experi-

ments to be’reported on by Moore et al. (20). This example has little

TABLE 5.9. Analysis of Variance of Yield (Gms. Dry Wgt. of Lettuce Tops per

3 Plants)
Source of Variation d.f. M.S.
Linear terms 3 197.2
Quadratic 6 168.6
Lack of fit 5 6.2
Error /3 7.0

Source: Moore, et al. (20)
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Fig. 5.7 — Yield contours of lettuce tops (gms. dry wt.) as affected by
additions of Cu and Fe to nutrient solutions containing Fet?, NH} + NO3
and the middle level of Mo. Observational points and yields are under-
lined. The point at the center of the contours is the predicted maximum

yield.

direct application regarding economics of fertilizer use. It is part of a
greenhouse solution culture study set up with the objective of obtaining
a general perspective of the relationship of certain minor elements to
the yield response of lettuce, and to obtain information upon which to
base more detailed studies. The experimental design used here was one
of the “rotatable” designs developed and reported by Box and Hunter (5).
The actual levels and the coded values for Cu and Fe are given in
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figure 5.6. The third factor, molybdenum, had the same levels as cop-
per, ranging from .0002 to 2.0 ppm.

The summary analysis of variance in table 5.9 indicates a reasona-
bly good fit of the second degree surface to the actual data. However,
it is realized that the experimental error mean square is poorly esti-
mated with only 3 d.f.

Discussion of Functional Model and
Design of Multifactor Experiments

Anderson, in Chapter 3, has stated that if the response surface can
be approximated by a simple mathematical function then it seems logi-
cal to estimate the parameters of this function instead of main effects
and interactions. Spillman (26) recognized this in his suggested treat-
ment arrangements necessary for estimating the constants in the
Mitscherlich-Baule function. In the approach used by Box (4) and asso-
ciates, that of using the general polynomial function of the degree nec-
essary to adequately fit the surface, designs of treatment combinations
may be developed that have desirable properties compared to the com-
plete factorial arrangement. They point out two disadvantages of the
complete factorial arrangement: (a) estimation of the pure quadratic
(B11, B2z, etc.), with less precision than the mixed quadratic terms
(B12, Pis, etc.),; (b) complete factorial arrangements for estimation of
many higher order mixed terms which ordinarily are of little interest,
and which do not have the corresponding “pure” effects to go along with
them. Box states, “To attempt to interpret two factor interactions with-
out the corresponding quadratic effects is precisely analogous to con-
sidering covariances without the corresponding variances.”

The composite designs also have been discussed by Anderson in
Chapter 3. These designs appear to have good possibilities. Additional
field experiments are now under way in North Carolina using the second
order, composite designs, and it is expected that evaluation of these ex-
periments will provide some measure of their utility. Composite de-
signs have been used in industrial research for estimating cubic or 3rd
degree surfaces, as indicated by Pike (23).

In fertilizer response studies it seems desirable to have rephcatlon
of the treatments, both for providing the necessary precision for the
individual points in the design and for checking on the adequacy of the
model in characterizing the surface. Although the work by Heady et al.
(12), and by Hanson et al. (9), and the illustrations already given in this
chapter indicate that a second degree function seems to give an adequate
fit of the surface, this needs to be further studied under a wider range
of conditions.
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