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 A superconductivity in quasicrystals have attracted considerable interests since the superconductivity in 

the system without translational symmetry is highly nontrivial. Recently, first observation of bulk 

superconductivity in Al-Mg-Zn quasicrystal [1] were reported. These observations necessitate theoretical 

investigation of emergent superconductivity in such system.  

 We address the above issues in the Hubbard model on two-dimensional Penrose tiling. The model 

Hamiltonian is given as 

 

𝐻 = ∑ 𝑡(𝑐𝑖𝜎
† 𝑐𝑗𝜎 + ℎ. 𝑐. ) − 𝑈∑𝑛𝑖↑𝑛𝑖↓

𝑖〈𝑖,𝑗〉,𝜎

 

 

where 〈𝑖, 𝑗〉 denotes nearest neighbor site, 𝑐𝑖𝜎
† (𝑐𝑖𝜎) is the creation (annihilation) operator of a fermion at 

the ith site with spin 𝜎 = (↑, ↓) and 𝑛𝑖𝜎 = 𝑐𝑖𝜎
† 𝑐𝑖𝜎. 𝑡 denotes the hopping integral, and 𝑈 the attractive 

interaction.  

 First, we studied a possible superconductivity emerging in quasiperiodic system by means of real-space 

dynamical mean field theory(RDMFT) [2], namely, the attractive Hubbard model on the Penrose lattice. 

On the periodic lattices, this model is known to show the superconductivity at any finite value of the 

attraction |U|>0 while the character of the superconductivity changes from BCS to BEC type. Our 

findings suggest that the emerging superconducting phase is categorized into three different regions (Fig. 

1), which cross over each other, in the phase diagram of average electron density and attractive interaction 

[3]. Especially, unconventional spatially extended Cooper pairs have been found in the weak-coupling 

region, which possibly consistent with the bulk superconductivity observed in Al-Mg-Zn quasicrystal. 

 Moreover, we extend the dual fermion approach [4] to real-space description [5] for investigating intersite 

electron correlations in inhomogeneous lattices since intersite electron correlation effects e.g. 

antiferromagnetic fluctuations in this system, cannot be dealt by means of cluster extensions of DMFT 

such as cellular DMFT (CDMFT) [6], and dynamical cluster approximation (DCA) [7]. The main 

difficulty underlying here is; periodic boundary condition should not be applied to the system due to the 

absence of translational symmetry. On the other hand, diagrammatic extensions of DMFT are candidates 

of treating intersite electron correlation effects in such system [8,9]. We study short-range correlations on 

the half-filled two-dimensional repulsive Hubbard model and show real-space dual fermion approach 

gives reasonable local quantities by comparing that obtained by DMFT and dual fermion approach. 

Moreover, we study the half-filled repulsive Hubbard model on the Penrose lattice as an example of 

strongly correlated electron system on an inhomogeneous lattice and show the short-range correlation 

effect affects local quantities at the strong coupling region. Our study offers new powerful method for 

investigating anisotropic superconductivity on inhomogeneous lattices.  



 

 

 

Figure 1. (a) and (b) Intensity map of Fourier-transformed off-site pair amplitude calculated for a square lattice at 

quarter filling for U = −2 and −16, respectively. (c)–(e) The same quantity for the three character: extended (c), short-

ranged (d) and localized (e). 
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